A simple model for the instability of a steady ablation front is presented. The model is based on the sharp boundary approximation, but it is considered that, as far as the Rayleigh-Taylor instability regards, the front thickness is of the order of the minimum scale length of the density gradient. The model yields a general analytical expression for the linear growth rate, which does not depend explicitly on the particular process of energy deposition, which drives the ablation. For the specific case of electronic thermal conduction the model is in good agreement with previously reported numerical calculations. The growth rate results to be well fitted by the so-called Takabe formula, and the coefficients in such a formula are analytically derived. 0 1995 American Institute of Physics.
INTRODUCTION
A major constraint to the symmetric implosion of a target for Inertial Confinement Fusion (ICF) arises from the onset of Rayleigh-Taylor instabilities during the phase in which the spherical target is ablatively accelerated toward the center. This instability occurs whenever a heavy fluid of density p2 is supported against gravity g by a lighter fluid of density p,<p2.' In the classical treatment, the fluids are considered to be incompressible and it leads to the linear growth rate y = a, where AT=(h-pI)I(p2+p1) is the Atwood number, and k is the perturbation wave number. In the ablative implosion of an ICF target, however, theory and simulation have shown that the growth rate y is reduced with respect to the classical value, as a consequence of several effects occurring during the ablation process; namely, the thermal conduction, the mass ablation flow, and the generation of a density gradient across the ablation front. '-14 A good estimation of the linear growth rate in such a situation is provided by the formula proposed by Takabe et al:536 y= cd%Pkva, c2 0.02 (u=o.9 L i i grs -0.9, p=2.3( E?)".""( g) "'2, (I) where g is now the acceleration of the ablation front, pS and c, are, respectively, the density and the (isothermal) sound speed of the ablated fluid at the corona sonic point r = rS , p2 is the maximum density, and u2=lj1/4vp2rz is the velocity of the heavy fluid (ti is the mass ablation rate and r2 is the radius where p=p2) (Fig. 1 ). This formula has been obtained by fitting the growth rates that result from the numerical solution of the fluid equations as an eigenvalue problem. Such a study has been performed by assuming a stationary ablative corona driven by electronic thermal conduction and, therefore, its validity should be restricted, in principle, to situations in which such a model is a reasonable approximation. Surprisingly, simulations'3V'4 and experiments '5-'8 shown that Eq. (1) represents also a good fitting to the results obtained under conditions, where the energy transport in the subsonic region is dominated by inverse bremsstrahlung and x radiation, or by thermal radiation. Therefore, it seems that Eq. (1) is valid beyond the range of validity of the model used for its derivation, and, despite the agreement with simulations and experiments, the underlying physics is not completely understood. The general belief is that the ablative stabilization described by Eq. (1) is a convective process resulting from the flow of mass across the ablation front.2,"-'4,'9 Of course, the other phenomena involved in the ablation are interrelated with convection flow, and there can be no ablation without energy deposition or flow through the front. Nevertheless, we show in this paper that it is possible to decouple those phenomena from the convective flow, in order to get the linear growth rate y with no explicit dependence on the particular process of energy deposition. For the sake of this, we develop a sharp boundary model for the instability, similar to those ones already presented in Refs. 2, 3, 7, and 19, but taking into account some basic properties of an ablation front. In addition, the realistic thickness of the transition zone is considered in order to calculate the selfconsistent density jump across the front. For the particular case of ablation driven by electronic thermal conduction, the results of the model are in good agreement with Eq. (l), and it yields analytical expressions for the parameters LY and ,B. Similar expressions can be obtained for an arbitrary mechanism of energy transport generating an ablative corona, and, in particular, for the important case of the ablation driven by thermal radiation. In Sec. II, the linearized conservation equations are solved, and the linear growth rate is obtained as a function of the perturbation wave number and of the density jump. In Sec. III, the density jump is calculated consistently with the mechanism of energy deposition in the corona.
II. LINEARIZED EQUATIONS AND STABILITY ANALYSIS
In this section, we study the stability of a steady ablation front by means of a sharp boundary model. We assume that the front is a thin interface placed at y = lf(x, t), which sepa- rates two homogeneous fluids with densities p2 for the heavy fiuid and pl for the light one. The acceleration g is taken in the direction of the positive y axis, which is opposite to the density gradient. For comparison with realistic corona profiles, the interface is assumed to be placed in the region where the density gradient is maximum (Fig. 1) . It is in this region, with a thickness of the order of L,=min(p/ldpldrl), where the instability develops fastest.
With the previous assumptions and taking kL,4 1, the stability analysis is performed in the usual manner by linearizing the fluid equations:
(2) 3 g;;yl"lY.;;;+; e),=P".S-Q,
where we have considered that the fluid is an ideal gas. Here p, U, and E are, respectively, the fluid density, the velocity, and the specific internal energy, p = ($)p~ is the pressure, and Q represents a generic specific power source, which takes into account the particular mechanism of energy deposition. For instance, in the case of a corona driven by thermal conduction:
(K~ is the therma conductivity). For a corona driven by a nondiffusive mechanism of energy transport [for instance, inverse bremsstrahlung or thermal radiation in nonlocal thermodynamic equilibrium (NLTE) with the matter] a suitable general form for Q is*'
and S is the radiation intensity, 4 is the direction of the normal to the area through which the photons are passing, and K~ is the absorption coefficient.
Equations (2)- (4) are linearized by assuming that every quantity cp evolves in the form 50= PO+ he (7) where q. is the unperturbed value of a flow magnitude, and &J is a small perturbation (S~cpo), which is written as follows: 
Besides, we assume that perturbations are subsonic and that the effects of the acceleration g can be neglected in the homogeneous regions on both sides of the front,"." 
(y+quo)po sv,+q Sp=O,
(Y+quomp-c~ Sp)=O.
The possible perturbation modes in the homogeneous regions can be found by solving the characteristic equation (i.e., the determinant) of the previous system:'2
(161 Thus, for M@l, it is easy to find the roots of the characteristic equation, which represents the possible longitudinal wave numbers:"+"
where the suffixes 1s and 2s denote the sonic modes behind and ahead the front, respectively, and the suffixes e and v denote the entropic (or isothermal) and vorticity modes, respectively.
Since the instability is expected to be localized at the interface, the perturbations must vanish at y-+?m. So, for the incoming plasma flow Cy<O, uO=u2, po=p2), only one solution vanishing at infinity (a sonic mode) is found:
s/3*=-y bfkV2wJUy (1% For y>O (vo= v i , po=pi), there are three possible solutions that decay at y = --co. These are the sonic mode (q i s = -k), &SJ =i Su lsx= Bepk', sp, =c; @,*=F tY+J,mJl,,;
the entropy mode (qe= -y/v 1), 8uUlev=Sule+=0, Sple=O, Sple=CemYY"I; (20) and the vorticity mode ( qV = -y/v, ),
In the previous equations [Eqs. (18)- (21)], the quantities A, B, C, and D are the amplitudes of the different modes existing in the regions to the left and to the right of the surface Y = rr(~,r). An arbitrary small perturbation on both sides of this surface is a linear combination of the modes given by Eqs. (18)- (21). In order to get relationships among these amplitudes and then, the dispersion relation, we must specify the boundary conditions that allow for the matching of the previous solutions on the front surface. Such boundary conditions are obtained by integrating the perturbations of the conservation equations [Eqs. (2)- (4)] across the moving interface with an instantaneous coordinate: cf(x,t) mexp( yr + ikx). Thus, after a first-order expansion in Taylor series, we find the usual expression for the perturbations:',"," "','9 dqo P=cpotY-5)+&-cpo-~fdy + &Q, y=o where dq,ldy is evaluated at the position of the unperturbed interface. Then, introducing Eq. (22) into Eqs. (2)- (4), we integrate across the interface, keeping in mind that kL,Gl. Thus, we obtain the following jump conditions: 
A(pouo Su,--ikSfpo)=O,
Wp+v; &7+2p,,~o ~u,+~og5~)=0, (261 where A[p]=cpi -'p2 denotes the jump of a magnitude cp across the interface. We note that in all the previous models, the approximation dp,,ldy = -pou ,,( du ,,ldy) was introduced into Eqs. (25) and (26). In the present model, we consider that the instability is localized in the region close to the point where the density gradient is maximum, and that this region has a characteristic thickness L, that is much less than the total thickness of the subsonic region (L,er,-r,) ( Fig. 1) . Therefore, in such a region it is Mi+l and dp,ldy=O, which is a good approximation for the unperturbed momentum equation. In fact, this is a very wellknown approximation in the analytical treatment of an ablative corona21-24 and its application in Eqs. (24) and (25) represents the physical fact that the pressure is continuous across the ablation front.25 Thus, Eq. (25) reduces to a( Sv,)ldy=O.
It may be also worthwhile to remark that the condition M$+l in the energy conservation [Eqs. (24)] leads to the incompressibility condition, that is, a( Su,)ldy -0.
Then, integrating Eqs. (23)- (26) and using Eqs. (18)- (21) for the evaluation of the perturbations on each side of the interface, it turns out that
(AT is the Atwood number). As it is known, in order to close the problem, an additional equation describing the motion of the interface is required.3. ",'2"9'26'27 This question has been widely discussed in recent papers regarding the stability of combustion fronts.26V27 For this particular problem, the additional equation was phenomenologically assumed from physical considerations,28 and a rigorous justification of it has been recently provided in Ref. 27 . For the case of an ablation front, the adequate interface equation, which takes into account the heavy fluid ablative convection, is given in Ref.
19. In such a case, $(x,t) represents the linear displacement undergone by a fluid element, as a consequence of the perturbation, along its trajectory in the heavy fluid, up to the time t when it reaches the front." At any position y ahead of the ablation front 0, CO), the displacement of the fluid from its unperturbed position is given by S(xtr,t) [ lf(x,t) = c(x,y = O,t)]. Therefore, the interface equation can be written as4,i9 interface separating two homogeneous regions, vf= v 2. I9 In practice, however, a velocity profile exits through an ablation front, and the front velocity vf (defined as the fluid velocity in the region where the density gradient is maximum) is somewhat larger than the asymptotic velocity u2. Then, at this point, it is convenient to define the parameter 4=vfIv2. Actually, the parameter 4 depends on the properties of the corona and it will be shown later that, for the case of electronic thermal conduction $= 3. Combining Eq. (31) with Eqs. (27)-(30). it is straightforward to obtain the linear growth rate:
where rD=p'lp2. For k-=SgrDlv$, this equation yields y= $&&, and it predicts total stabilization for k>k, =ATgrDl~buz ( Fig. 2) . On the other hand, we can see that the growth rate does not depend explicitly on the particular process of energy deposition generating the ablation front. The main role of such a process is to determine the selfconsistent density ratio rD , and less important, the value of the parameter 4 (421). It is also interesting to note that the main hypothesis of the model, that is, the sharp boundary approximation, kL,+l, is quite well satisfied for an arbitrary value of rD. In fact, kL,<kk,.L,,,= +A,r,~0.2 for any value of rD [note that ATrD= (I-rD)rDl( 1+ rD) has a maximum for rDm=fi-l, and then AT(rDm)rDm=0.17]. Therefore, it can be concluded that the treatment of the ablation front as a thin interface is a reasonable assumption for the stability analysis of such a front. 
III. SELF-CONSISTENT DENSITY JUMP ACROSS THE FRONT
As we previously mentioned, the parameter 4 and the density ratio rD are determined by the mechanism of energy deposition, which drives the ablative corona. In order co express those parameters in terms of relevant magnitudes characterizing the ablation, it is enough to consider the subsonic region of the corona.
A. Ablation driven by thermal conduction First, we consider a stationary ablative corona driven by a diffusive process of energy transport. Then, the term of energy source in Eq, (4) is described by Eq. (5). Since we are interested in the subsonic region of the corona (M:el), the conservation equations in spherical geometry are well approximated by the following expressions:792 '-24 p= fp~=pc=consf ti=4rrpvr2=const,
where c2 is the specific internal energy at r= r2. The thermal conductivity K~ is, in general, a function of p and 6, and it will be assumed as an arbitrary power law, K~" 8/pm. Since the pressure is almost uniform, it is sufficient to consider a thermal conductivity that depends only on the internal specific energy E, that is, K~-,$'. For the specific case of electronic thermal conduction, V= $.
From the previous equations, it turns out that the characteristic length of the corona profiles is L = pl [dpldrl = vl [duldrl=elld&drl. Besides, by using the momentum conservation equation (dpldr+ pu dvldr = pg), and taking into account that dpldrw0, we also get L=u2/g. Then, from Eq. (33), it results' that
Considering that the minimum value of L is Lm-@r2, we can neglect the spherical divergence effects. Then, it is straightforward to show that such a minimum is reached at a radius close to r=rf, where ~=v~~v~==E/E~=(v+ 1)/v. Therefore,
In order to calculate rD, we consider that in the region r, G 6 r, , where r, = r2 + L, and rs is the sonic radius (Fig.  l) , the effects of the acceleration on the corona profiles can be neglected, and it is also E+,E~. By integrating Eqs. (33), we obkn
The sonic radius is well estimated by Eqs. (33) and (36), as the point where the velocity u has its maximum: Eq. (36) in ri and rs , respectively, we find a relationship between pI =p(r,) and ps = p( r,). Then, the wanted expression for rD is rD= (2V+ 1) (v+ 1) i 326"7 *) l'V( ;)"-*y 7) I'v. (37) We can now compare the results of the present model with the Takabe formula. In Fig. 3 we show the growth rate calculated by means of Eqs. (32), (38), and (37) for two typical sets of values of the parameters R,=p,lp, and G=gr,lcf defined in Refs. 5 and 6. The growth rate given by Eq. (1) is also shown. Results are similar for other values of R, and G. As can be seen, there is a good general agreement between the present model and the fitting formula [Eq. (l)]. The main difference is observed for values of the wave number k close to the cutoff value k, . In any case, the maximum growth rate resulting from our model is within 30% of the value found with the Takabe formula, and the cutoff wave number is underestimated at most by 20%.
Another interesting way to compare the growth rate given by our model with the results in Ref. 
For electronic thermal conduction, we have v=t (+=7/5), and then /3-2.3( ~)""($) "". (40) This equation must be compared with the expression for p given in Eq. (I), and obtained by fitting numerical calculations. In the range of interest, both expressions coincide within 10%. Similarly, the values of (Y calculated by means of Eqs. (37) and (38) are well fitted by those ones given by W (1).
It is also of interest to compare the present model with numerical results obtained by using a stationary planar corona for the unperturbed profiles.* In such a case, of course, target radius is not a relevant characteristic length. So, after straightforward modifications to the previous corona model, the density profile for a steady-state planar corona, is derived:*'*' 
Note that r is just the instability parameter defined in Ref.
8. This parameter is also related to /? and to the cutoff wave number k, :
In Fig. 4(a) , we show the dimensionless cutoff wave number k,v$g given by Eqs. (42) and (43), for v=$, as a function of F. In the same picture, we show the results of the numerical calculation obtained in Ref. 8. As can be seen, the model is in good agreement with those results, except for I?> l-3. This is due to the fact that, in our analytical model for the corona profiles, we have assumed, for simplicity, that O>E, [Eq. (33) ]. Thus, Eq. (41) r. Nevertheless, the qualitative behavior of k, for relatively large values of r is still correct, and our model gives a rather simple interpretation for such a behavior. In fact, for I?> 1, the cutoff wave number k, decreases as a consequence of the reduction of the density jump across the front (and then, AT decreases). For r<l, the convective effects dominate the growth rate reduction. In Fig. 4(b) , we have represented the dimensionless cutoff wave number k,v$lg as a function of the exponent v in the thermal conductivity, for a fixed value of r. We also show, for comparison, the results obtained numerically in Ref. 8. Again, we observe a good general agreement, specially in the interesting regime ~21.5.
It is important to note that the instability parameter I? can also be defined for a spherical corona. Besides, since Eq. (41) is used to relate the densities on both sides of the ablation front, the planar corona model is a good approximation. Then, the expressions given by Eqs. (42) and (43), and therefore, the behavior of k, displayed in Fig. 4 , can also be applied to a spherical corona. These equations, in fact, are more general than Eq. (40), because the former relate the density ratio rD to the magnitudes that characterize the dense, nonablated matter. In the dense matter, diffusive processes are expected to dominate the energy transport. For instance, for a laser-driven corona, the critical surface may place well inside the sonic point, and then Eq. (40) cannot be used for calculating the parameter p. However, Eqs. (42) and (43) are still valid, provided that the radius rcr, where the laser light is absorbed, is rcrar, [p(r,,)=p,, and pcrSp,, where per is the critical density]. This condition is satisfied in most of the situations occurring in laser inertial fusion. Let us consider, as an example, a specific case studied in the simulations of Ref. 14, in which a plastic target (CH) was irradiated with a laser of wavelength X,=0.264 pm. The acceleration was g =3.5X lOI cm/s', the peak density was p2=6 g/cm3, th e a bl t a ion velocity was v2=6.7X lo4 cm/s, the temperature at the ablation surface was 8.8 eV, and the Mach number was M,=0.03 (the mass and the charge numbers of the dense matter are, respectively, A =6.5 and Z= 1.8). For these parameters and v=$ it results that I'=0.Q4,'4 P=3.1, rn=O.l46, p,=O.87 g/cm3, and pc,=5.5XIO-* g/cm3. That is, pcr<p, and rl <rcr. In other words, the observed generality of the Takabe formula can be understood once we recognize that the Rayleigh-Taylor instability involves only the physical process occurring in a relatively thin layer, with thickness L,G r2 + near the ablation front. In most of the situations of interest to laser inertial fusion, the energy transport in that region is very well described by the electronic thermal conduction.
For applications to indirect drive inertial fusion, we can also expect that radiation diffusive transport will be dominant in the region close to the ablation front. In this case, an expression for the coefficient of thermal conductivity required in Eq. (33) can be obtained from the conduction law:20 q,= -+lRT3 VT, (44) where CT is the Stefan-Boltzmann constant, 1s is the Rosseland mean-free path for the photons, and T is the matter temperature. As usual in analytic studies, we approximate the equation of state quantities and the optical properties by simple power laws of the temperature T and mass density p:
P where, for thermodynamic consistency, b = (h -1) (a -1 ), h is the enthalpy coefficient, and E+ and E+ are physical parameters that depend on the material properties. From the previous equations, we obtain: Km&? r= ---. hw, (46) [lR2=lR(T2 ,p2)], and the exponent v results in v= (4+m)( 1 -b) +n-1 (47) a 8 C~i.~,,.,~,,...,,,,~,,,,,,,,,,,,,,,,,,,,, , . . The expected values of the exponent v are relatively large (~5-6).
For example, on the range of interest (1 g/cm"GpGlO g/cm3; 10 eVGTG100 eV), the exponents required in Eqs. (45) result, for carbon: a emen = 1, b-0, and then v=5. In spite of the fact that accurate opacity tables, in the mentioned range, are not available to us, we think that the previous numbers are quite indicative of a typical situation. Thus, for such large values of v and for a fixed value of F, Eq. (43) predicts a slight increase of the cutoff wave number as a consequence of the reduction in the convective stabilization [ Fig. 4(b) ]. In Fig. 5 we show the same effect in terms of the parameter /?. As can be seen, /? is a monotonically decreasing function of v, and it is less sensitive to the value of F, as larger is the exponent v. Such a reduction has been observed in recent experiments in which planar targets were accelerated by the thermal radiation generated in the interior of the hohlraum. '6s'7 According to the present model, this lower values of p are a consequence of the reduction in the self-consistent density jump across the ablation front (a larger value of rD).
B. Ablation driven by a nondiffusive process of energy transport
The situation described in the previous paragraphs may change if nondiffusive mechanisms of energy deposition are relevant for the energy transport across the front. For instance, preheat may be present due to hot electrons or x rays. Of course, a large amount of preheating is not favorable to the efficient implosion of an ICF target, but a controlled preheating mechanism has been often considered in the literature in order to lower the peak density pa.8.9,13*14 Therefore, it may be of interest to also analyze the case of a corona in which the energy is nondiffusively deposited. For these situations, the energy source term in Eq. (4) takes the form given by Eq. (7), and we can obtain the corresponding expressions of rD and p, considering, as before, a temperaturedependent absorption coefficient K~ in Eq. (7): K~=L~' =(&,4)-', where I, is a physical parameter that depends on the properties of the ablated materia1. 20'29 In order to describe the subsonic region of the corona, we proceed as in Sec. II A, approximating the conservation equations as follows:
For the sake of simplicity, we introduce a further approximation that allows us to obtain analytical formulas for the corona profiles. We assume that in the energy conservation equation, the effects of spherical divergence are not important ( rs -r2 G r2), and then, a first integral of Eq. (48) can be performed:
Thus, from Eqs. (48) and (49), we obtain:
Proceeding as in the previous section, we obtain:
Except for the factor depending on the exponent p, this expression for rD is formally identical to the one obtained in the case of a corona driven by thermal conduction [Eq. (37) ]. In terms of the instability parameter I', p can be written as
As can be seen, this expression is formally the same as that given by Eq. (43) for a diffusive process. Therefore, the increasing of the instability parameter F in order to stabilize the front by generating a relatively smooth density profile at the ablation front,8,'0*'4 leads to a reduction of the parameter p, and makes less effective the convective stabilization. Conversely, for stressing the convective stabilization, we need to increase the jump density across the front (a small value of ro and a large value of p). In any case, the parameters rD and p are not very sensitive to the value of r (for v,@2.5).
In practice, the range of variation of those parameters in the regime relevant to high-gain pellet design has been found to be quite limited:4-6,8,13-*7 F-0.03-0.2 (v, @2.5), and consistently with the present results, +2-4 and r,=0.06-0.25.
on the sharp boundary approximation. Despite the fact that the mechanism of energy transport driving the ablation is interrelated with the flow convection across the front, both effects can be decoupled. In this way we can obtain the linear growth rate as a function of the perturbation wave number, with the self-consistent density jump rD as a parameter. This parameter is determined by the process of energy deposition and by considering that, as far as the instability is concerned, the thickness of the front is of the order of L, = v;/g . In the case of electronic thermal conduction, rD can be written in terms of the magnitudes characterizing the ablated material, and thus, it can be related to the parameters LY and p of the Takabe formula.5.6 Instead, if rD is written in terms of the magnitudes of the dense material, we find that it is related to the instability parameter defined by Kull.* In terms of rD, however, the linear growth rate does not depend explicitly of the particular process that drives the ablation. Besides, the sharp boundary approximation (kL,41) is well satisfied for any value of rD .
For applications to radiation-driven ablation fronts, the model predicts a relatively lower value of the parameter /3 than in laser-driven fronts, providing an interpretation for the observations in recent experiments. It is worth to mention, however, that such a lower values of p does not mean that the radiative case is less stable. In fact, the important role played by the ablation rate in the determination of the growth rate must be considered, and the stronger ablation that can be obtained by using thermal radiation, is sufficient to compensate the relatively smaller p.
The good agreement between the present model and the results of the numerical calculations5S6.8 indicates that the growth reduction in ablation fronts, is essentially of a convective nature, and that the main physical features of the stability of an ablation front are well described by the discontinuity model. On the other hand, it suggests that "fire polishing"2S3 or lateral transpor+j are not relevant effects. Besides, smooth gradients across the front affect the growth rate by reducing the effective Atwood number A r . Finally, we remark that, as a consequence of the properties of the steady ablation fronts, the self-consistent density ratio rD is not very sensitive to the details of the mechanism of energy deposition driving the ablation. This fact provides an interpretation for the observed generality of the Takabe formula. The present model can be generalized for studying the dynamical effect present in nonsteady fronts."
